L Introduction
The study of l/n expansions for various atomic matrix elements plays an important role in the theoretical foundations of the quantum defect method and, in particular, of the Ritz expansion for the quantum defect. If n is the principal quantum number for a Rydberg state, then the quantum defect formula for the non-relativistic ionization energy is [I] 
T, = R M / [~ -S(n)I2
(1.1)
where RM is the Rydberg constant for nuclear mass M and the Ritz expansion for the quantum defect 6(n) is in which only the even powers of n -6(n) appear. Recent advances in the accuracy of both theory [21 and experiment [3] for the Rydberg states of helium raise new questions concemingthe limits of validity of the Ritz expansion. As discussed by Drake and Swainson [4] , and by Drake [5], the Ritz expansion requires for its validity that certain equations of constraint be satisfied by the coefficients in the l/n expansions of matrix elements. For example, let @Ao1 be the unperturbed two-particle wavefunction in a screened hydrogenic approximation to a Rydberg state of helium with principal quantum number n. and let V be an operator describing some comtion to that model whose matrix elements have the l/n expansion (@~ol~~~@,!o') = n-3(ao + q n -* +. . .).
(1.3)
Then the first-order correction to the energy is etc. Hartree's theorem [6] t that the Ritz expansion is valid for any V which is shortrange, local and spherically symmetric guarantees that the above equations are also satisfied In order to answer this question, the 1 J n expansions must be known. .$ = 2Zr/n.
(1.12) l/n expansions for two-electron Coulomb matrix elements 3161 2. Summary of results
For n large, R,,dZ; r) has the expansion where x = & Z .
The expansion (2.1) converges uniformly in r for r in any bounded region of the complex r plane. However, it converges rapidly enough so that a few terms will give a good description of R,,e(Z; r) if r is smaller than the turning point ro = 2n2/Z and not too close to ro. The square root in (2.1) has not been expanded in inverse powers of n because it has a branch point at l/n = l/e which would reduce the radius of convergence of the expansion to lie. 
(2.5)
The J&) which appear in (2.5) are Bessel functions of the first kind in standard notationt.
The factor (n + e)!/[(n -.
! -l)!nu+l]
whose square root appears in (2.1) has an expansion in inverse powers of n2 of the form
The coefficients by' in the expansion (2.6) can be calculated recursively from equations (3.4) below. The first three are bf' = 1 (2.7) bit) = -$(e + 1)(2e + I)
(2.8)
12.9)
In our notation, the direct integral J and the exchange integral K are (2.10)
G W F Drake and R Nyden Hill
The where
(2.15)
The expansions (2.13) and (2.14) converge for n > (Z-l)/Z. The coefficients cf")(y) and c P K ' ( y ) in the expansions (2.13) and (2.14) can be calculated recursively from equations (3.5 j(3.15) below. Tables 1-1 1 list numerical values for these coefficients for helium (i.e.
for Z = 2, which implies y = 1/4) for 0 < k < 15 and 0 6 t < 10. The coefikients in the tables were calculated by programming the formulae of section 3 in quadruple precision arithmetic. They were checked by evaluating the integrals numerically with high-order Gaussian quadrature formulae. The two methods of evaluation agree to 30 digits. To save space, we have reported the coefficients to only 20 digits. The tables were composed directly from computer-generated output. It is noteworthy that for large e, the coefficients increase dramatically in size. before eventually decreasing. For low e, the first few figures in the leading coefficients c F J ) for the direct integrals agree with those quoted by Bethe and Salpeter [IO] , but there are significant differences in the leading exchange coefficients ~f '~) . l/n expunsions for hvo-electron Coulomb matrix elements are calculated recursively from
I/n expansions for two-electron Coulomb mutrix elements
The coefficients cFx'(y), where X = J or X = K , in the expansions (2.13) and (2.14)
The coefficients d p ' ( y ) which appear in (3.5) and (3.6) are calculated from (3.5) (3.6) for k + 2m < k' + 2" The series is rapidly convergent.
Derivations
The expansion (2.1) is obtained by writing where x = 2 f i = m F .
It follows from (1.4) and (4.1) that where f i e ) ( x ) satisfies the initial condition
(4.4)
The differential equation for R.,t(Z, r ) , which is G W F Drake and R Nyden Hill can be used to show that f,') is a solution of the differential equation
We treat the right-hand side of (4.6) as a perturbation and look for a solution to (4.6) of the form is imposed on the higher-order terms because the k = 0 term (given by (2.3)) satisfies the initial condition (4.4) exactly. The differential equations (4.8) can be solved by looking for a solution of the form (3.1). The recurrence and differentiation formulaet for the Bessel function J&) can be used to show that (3.1) is a solution to (4.8) if the coefficients U:: are given by (3.2) and (3.3). The small x power series$ for J,(x) can be used to show that the initial condition (4.9) is satisfied. A series of the form (2.1) can be obtained by rearranging an expansion given in the Bateman projects. However, the rearrangement is tedious, and for that reason we prefer the straightforward derivation recorded here. It will now be shown that the expansion (2.1) converges uniformly in x for x in any bounded region in the complex x plane. We use the method of variation of parametersll, which begins by writing the solution to (4.8) and its first derivative in the forms gf'(x) = hf")(x)Ju+l(x) + hLf'y'(x)Uu+r(x) obtain Bcf+')(x0) = Ixol-u-llu+l(lxo[). An explicit B ( e * y ) ( x~) , which is somewhat more complicated, can be obtained by a similar computation. The bounds (4.14) are used in (2.3). (4.10). (4.12) and (4.13). Mathematical induction on k then shows that for 1x1 < IxoI. The bound (4.15) shows that the expansion (2.1) converges uniformly in x for 1x1 < 1x01 for any finite x g . Similar arguments show that the corresponding expansions for the derivatives converge uniformly, and that the function to which the expansion (2.1) converges is a solution of the differential equation (4.5) .
The derivation of the expansions (2.13) and (2.14) for the direct integral J and the exchange integral K begins with the insertion of (1.3) and (4.3) in the definitions (1.1) and (1.2) of J and K. Change variables from rI, rz to x , y via Mathematical induction on n carried out with the aid of (4.19). (4.30). (4.31) and the formulat l;(z) = wz-lr,,(z) + rptl(z) yields G W F Drake and R Nyden Hill x (-l)"'or"-"'g"'I"+m (9) 
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The formula$ J,+l(z) + J p -l ( z ) = Zpz-IJ,(z) can be used to show that U ( n + m + 4 , n + U, U; a,P, y ) + U ( n + m t 4 , n + U + 2, U ; a, P, v)
= &-l(n + U t 1)u(n + m + 3, n t U + I, v ; a, p, y ) .
Mathematical induction on k carried out with the aid of (4.33) yields This exponential decay is used to establish the uniform convergence required by part (iii) of the hypothesis of the theorem quoted above; verification of the other parts of the hypothesis is straightforward. 
Discussion
This paper provides the first tabulation of the coefficients in a I l n expansion for the hydrogenic two-electron direct and exchange integrals of the Coulomb interaction. Only the leading term was known from previous work [lo] . The higher-order terms are essential to studies of the limits of validity of the Ritz expansion (1.2) for the quantum defect [4, 5] , through the constraint equations (1.7) to (1.10). No failure of the Ritz expansion has yet been found, even when cross-terms between exchange effects and core polarization by the Rydberg electron are included [SI. Some of the same analytical techniques may be useful in extracting l / n expansions for higher-order terms thamay eventually set a limit on the validity of the Ritz expansion as an exact functional form for the non-relativistic energies of helium.
The extension of Hartree's theorem to cover non-local exchange effects in atoms more complicated than helium has not yet been discussed. However, the helium results suggest that for an isolated sequence of Rydberg states, the theorem applies at least in a first approximation to the pair-wise exchange interactions between a Rydberg electron and the core electrons. Multiple overlapping sequences of Rydberg states introduce further complications that can be treated by means of multi-channel quantum defect theory [16] .
